This paper studies the prox-regularity concept for functions in the general context of Hilbert space. In particular, a subdifferential characterization is established as well as several other properties. It is also shown that the Moreau envelopes of such functions are continuously differentiable.
Introduction
Given a function f from a normed vector space X into R ∪ {+∞} that is finite atx and given an appropriate subdifferential operator ∂ withv ∈ ∂f (x), R.T. Rockafellar (see [25, 26] ) introduced in variational analysis the proto-derivative of the set-valued mapping ∂f atx forv, and also considered the second order epi-derivative of f atx forv. Both appear to be good candidates for a study of the understanding of the second order behavior of f . R.T. Rockafellar [26] showed, when X is finite dimensional, the equivalence between the second order epi-differentiability (see [26] ) of a lower semicontinuous convex function and the proto-differentiability of its subdifferential set-valued mapping. The result has been extended by R.A. Poliquin [20] to primal lower nice functions (pln) defined on finite dimensional spaces. The case of pln functions defined on Hilbert spaces has been studied by A.B. Levy, R.A. Poliquin and L. Thibault [13] . Later, R.A. Poliquin and R.T. Rockafel-lar have identified, in the finite dimensional setting, the much larger class of prox-regular functions for which the result still holds. Several other results and various applications in [21] and [27] reveal the importance of prox-regular functions. To develop the analysis of those functions, R.A. Poliquin and R.T. Rockafellar provided an important subdifferential characterization and showed useful properties of the Moreau envelope of such functions. These results are significantly used (see [21] ) to establish, for prox-regular functions, the equivalence between the two second order generalized derivability concepts. The proofs in [21] of the properties mentioned above use the compactness of closed balls in R n .
In the context of infinite dimensional Hilbert space, a recent paper by R.A. Poliquin, R.T. Rockafellar and L. Thibault [22] underscored the importance of the prox-regularity concept for sets. They showed that a closed subset C of a Hilbert space is prox-regular at x ∈ C if and only if some truncation of the normal cone mapping N C is hypomonotone aroundx.
The present paper aims at studying properties of prox-regular functions in the setting of infinite dimensional Hilbert space. Essentially, our goal is to show how several results in the line of those in the finite dimensional case or those relative to subsets of Hilbert spaces can be obtained for functions on Hilbert spaces. The proofs require various arguments that are different from those in [21] and [22] .
In Section 2, we recall the definitions and we show that qualified convexly composite functions are prox-regular and subdifferentially continuous. In the third section, we extend the Poliquin-Rockafellar subdifferential characterization of prox-regularity to the general setting of Hilbert spaces. This is done with the help of the Moreau local envelopes and local proximal mappings. Then, we study in Section 4 the links between the subdifferential and the proximal mapping of prox-regular functions. The last section establishes the C 1 regularity of the Moreau envelope of prox-regular functions. Applications to the protodifferentiability of subdifferential mappings will be given in a forthcoming paper.
Definitions and preliminaries
In all the paper (X, . ) will be a real Hilbert space and . , . will denote the scalar product. We will denote by B the closed unit ball of X around the origin and by B(x; ε) (respectively B [x; ε] ) the open (respectively closed) ball around x ∈ X with radius ε.
Let f : X → R∪{+∞} be a function and letx ∈ dom f , i.e., f (x) < +∞. We recall that the proximal subdifferential ∂ P f (x) and the Fréchet subdifferential ∂ F f (x) are defined as follows.
A vector v is in ∂ P f (x) if there exist some r > 0 and ε > 0 such that (see, for example, [4] ) for all x ∈ B(x; ε),
In a similar way, a vector v is in ∂ F f (x) if for any ε > 0 there exists (see, for example, [14] ) some η > 0 such that for all x ∈ B(x; η),
Considering the weak sequential outer (superior) limit lim sup
where x n → fx means x n −x → 0 and f (x n ) → f (x), one knows (see, for example, [11] ) that lim sup x→ fx ∂ P f (x) = lim sup x→ fx ∂ F f (x). This common set is generally called the (limiting) subdifferential of f atx and it will be denoted by ∂f (x). When f is a lower semicontinuous convex function, one has ∂ P f (x) = ∂ F f (x) = ∂f (x) and this corresponds to the usual subdifferential concept in convex analysis.
Definition 2.1 (see [21] ). One says that f is prox-regular atx forv ∈ ∂f (x) if there exist some r > 0 and ε > 0 such that for all x, x ∈ B(x; ε) with |f (
If the property holds for all vectorsv ∈ ∂f (x), the function f is said to be prox-regular atx. 
Proof. The prox-regularity follows directly from Definition 2.1.
Fix any r > 0 and take (x, v) and
v, x − x r x − x and hence, because of symmetry arguments with the permutation of (x, v) and (x , v ), we conclude that
The class of qualified convexly composite functions provides another example of proxregular functions. This fact has already been observed by Poliquin and Rockafellar [21, Proposition 2.5] in the context of finite dimensional space. The proof in infinite dimensional situation requires some new and different techniques. In our setting, recall that a function f := g • G is convexly C 1,+ -composite over an open subset Ω of X if g is a lower semicontinuous convex function from a Banach space Y into R ∪ {+∞} and G : X → Y is C 1,+ over Ω, i.e., G is differentiable over Ω and ∇G is locally Lipschitz over Ω. The convexly composite function g • G is qualified atx ∈ Ω ∩ dom(g • G) when the Robinson qualification condition holds atx, i.e.,
Here ∇G(x) denotes the Fréchet derivative of G atx and R + denotes the set of all nonnegative real numbers. In the finite dimensional setting (2.4) is equivalent to the following condition used in Rockafellar [24] and Poliquin and Rockafellar [21] :
where ∇ * G(x) denotes the adjoint operator of ∇G(x) and N(dom g; .) the normal cone (in the sense of convex analysis), to dom f . It is important to observe that (2.4) is actually a local condition in the sense that when it is satisfied atx it automatically holds for all x ∈ dom g nearx; this is an easy application of Theorem 5.2 in [12] , or Theorem 1 and Lemma 2 in [23] .
A useful consequence of (2.4) is that it implies (see [5, 6] ) that ∂ P (g • G)(x) coincides with the Clarke subdifferential of g • G atx with
Here the right member denotes the set {∇ * G(x)y * : y * ∈ ∂g(G(x))}. We will need another equivalent form of (2.4) which has been established in [5, 6] . That form corresponds to the existence of σ > 0 and s > 0 such that
where {g ρ} := {y ∈ Y : g(y) ρ}.
We can now prove the prox-regularity of qualified convexly C 1,+ -composite functions. Here the neighborhood ofx is not all X as in the convex case.
Proposition 2.4. Assume that
f = g • G is a convexly C 1,+ -composite function that is qualified atx ∈ dom f .
Then f is prox-regular atx and also subdifferentially continuous atx. More precisely, there exists a neighborhood Ω ofx such that, for every
Proof. Condition (2.4) being local (see the comments above), we may choose by (2.6) a convex open subset Ω x over which G and ∇G have a Lipschitz modulus γ > 0 and such that for some σ > 0 and s > 0,
for all x ∈ Ω. Fix x ∈ Ω ∩ dom ∂f and v = ∇ * G(x)y * with y * ∈ ∂g(G(x)). Fix any y ∈ B Y and choose, according to the last inclusion above, b ∈ B X and z ∈ Y with g(z)
and hence
Fix now any r > 0 and suppose that v = ∇ * G(x)y * is in rB X . Then for every (x , v ) ∈ (Ω × rB) ∩ gph ∂f , we have according to the convexity of g and to (2.7),
Permuting (x, v) and (x , v ) yields, by symmetry, the desired Lipschitz property.
To prove the prox-regularity of f , take now any x ∈ Ω. Then, we have
The proof is then complete. 2
As it is made clear in [21] , Proposition 2.4 provides a general way to generate proxregular functions. Examples as f = g − h, where g is lower semicontinuous and convex and h is a function from X into R that is C 1,+ on a neighborhood ofx ∈ dom g are direct consequences of that proposition. So is the pointwise maximum of finitely many functions that are C 1,+ on a neighborhood ofx.
Observe now that convex functions as well as qualified convexly composite functions are pln in the sense of Poliquin [18, 19] . Arguments as above yield also a subdifferential Lipschitz continuity of pln functions, but the neighborhood in gph ∂f is not as large as above.
Proposition 2.5. Assume that f is pln atx and thatv ∈ ∂f (x). Then f is prox-regular at x forv and subdifferentially continuous atx forv. In fact, there exists a neighborhood
W of (x,v) such that the function x → f (x) is Lipschitz continuous over proj X [W ∩ gph ∂f ].
Subdifferential characterization of prox-regularity
Here we are concerned with the subdifferential characterization of prox-regularity. Poliquin and Rockafellar [21] opened the route in identifying the property in the case of functions defined on finite dimensional spaces. Some techniques and arguments in their proof are valid only for finite dimensional spaces. It is our aim in this section to establish the same characterization for Hilbert spaces. To obtain this characterization, we will need the following lemma given in a large part in the proof of Proposition 13.37 in [27] . Recall that the domain dom M of a set-valued mapping M : X ⇒ X is given by dom M := {x ∈ X: M(x) = ∅}. 
where A second result will be used in the sequel. We state it in the next lemma. It is a specialization of Lemma 4.2 in [28] . Recall first that the Moreau envelopes (see [15, 27] ) for a function f : X → R ∪ {+∞} are defined for λ > 0 by
and the associated proximal mappings P λ f by
For a given ε > 0, we also denote by e λ,ε f and P λ,ε f the local Moreau envelopes and local proximal mappings around the origin, As inf x ε f −αε 2 , it suffices to have 3r 0 2
For prox-regularity of a function f atx forv, not all of gph ∂f but only a certain localization of it around (x,v) is involved. Let us recall the following corresponding notion introduced in [21] . 
The usual localization does not require the inequality with f (x).

If f is lower semicontinuous it is equivalent to consider a localization with just f (x) < f (x) + ε.
We can now extend to Hilbert spaces the subdifferential characterization of proxregularity. For subdifferential characterization of convexity, we refer to [7, 8, 17] . Recall that a function f : X → R ∪ {+∞} is locally lower semicontinuous at a pointx ∈ dom f if epi f is closed relative to a neighborhood of (x, f (x)). Analytically, that means there exist r > f (x) and ε > 0 such that f is lower semicontinuous relative to the set {x ∈ X: x −x < ε, f (x) < r}.
Theorem 3.4. Suppose f : X → R ∪ {+∞} is locally lower semicontinuous atx ∈ dom f. Then the following assertions are equivalent: (a) f is prox-regular atx forv ∈ ∂f (x); (b)v ∈ ∂ P f (x) and there existε > 0,r > 0 such that Tε +rI is monotone, where Tε is the f -attentiveε-localization of ∂f at (x,v). If in addition f is subdifferentially continuous atx, then Tε is the usualε-localization of ∂f at (x,v).
Proof. (a) ⇒ (b)
Take ε > 0, r > 0 as in Definition 2.1 of prox-regularity and let T ε be the f -attentive ε-localization of ∂f at (x,v). Then for every
So T ε + rI is monotone. It is easily seen that whenever f is in addition subdifferentially continuous atx, we may take for T ε the usual ε-localization of ∂f at (x,v).
(b) ⇒ (a) Without loss of generality, we may assume that f is lower semicontinuous, x =v = 0, f (0) = 0, andε < 1. As 0 ∈ ∂ P f (0), there exist α > 0, ε 1 > 0 such that f (x) −α x 2 for all x ∈ B(0; ε 1 ). Fix r > max(r, 32α/3) and a real positive number ε with
It is not difficult to see that e 1/rf is locally Lipschitz continuous over X.
Let us show that
Fix u ∈ B(0; ε /4) and take y ∈ P 1/r,ε f (u). By 
3). Keep u fixed in B(0; ε /4).
According to the density of Fréchet subdifferentiability points of e 1/rf , for any integer n 1, there exists some point u n ∈ B(0; ε /4) with u n ∈ dom ∂ F e 1/rf ∩ B(u; 1/n). Theorem 11 from Borwein and Giles in [2] ensures that the infimum e 1/rf (u n ) is attained at some point x(u n ). Thus according to (3.3) we have v(u n ) := r(u n − x(u n )) ∈ Tε(x(u n )) for every integer n 1. So by the monotonicity assumption of Tε +rI , for any n, p 1 one has
where x n := x(u n ) and v n := v(u n ), hence
It follows that (x n ) n is a Cauchy sequence. Denote by y(u) its limit.
Fix now x ∈ B[0; ε ] and observe by definition of x(u n ) that for any n 1,
According to the lower semicontinuity of f , (3.4) yields
This means y(u) ∈ P 1/r,ε f (u) and hence by (3.3), we have y(u) ∈ (I + r −1 Tε) −1 (u). So we have proved
Then through Lemma 3.1 and (3.3) we get that (I + r −1 Tε) −1 is (nonempty) single-valued and Lipschitz continuous on B(0; ε /4) and for any u ∈ B(0; ε /4),
Fix now ε < rε /(8(r + 1)) and take (x 0 , v 0 ) ∈ gph T ε . Then u 0 := x 0 + r −1 v 0 satisfies u 0 < ε /4 and x 0 ∈ (I + r −1 Tε) −1 (u 0 ) so that x 0 ∈ P 1/r,ε f (u 0 ) according to (3.6) . Consequently, for any x ∈ B(0; ε) we have
Rearrangement of that inequality yields
and this translates the prox-regularity of f atx forv with parameters ε, r. The proof is then complete. 2
Remark 3.5. In the reverse implication of the theorem we have in particular proved the following result that will be needed in the sequel. Let f : X → R ∪ {+∞} be a function with f (0) = 0 and for which there existε > 0,r > 0, α > 0 such that
• Tε +rI is monotone,where Tε is the f -attentiveε-localization of ∂f at (0, 0).
Then for any r > max(r, 32α/3) and ε < min(ε,ε/r, 1) (see 3.2) we have
over B(0; ε /4) and the latter is nonempty, single-valued, and Lipschitz continuous on B(0; ε /4) (see (3.6)).
Links between the subdifferential and the proximal mapping of a prox-regular function
In the sequel, T ε will denote the f -attentive ε-localization of ∂f at a point (x,v) of its graph, that point being not explicited: it will depend on the context. Further, whenever f is in addition subdifferentially continuous atx forv it is enough to take for T ε the usual ε-localization of ∂f around the point (x,v).
Remark 3.5 relates the localization T ε to some local proximal mapping. Looking for analogous properties with the global proximal mapping P λ f instead of the local one, it is natural to introduce the additional assumption that f be minorized by a quadratic function.
Under such a condition, arguments similar to those of [27, Proposition 8.46(f)] yield the following result that is used in [27, Proposition 13.37]. We state it as a lemma. 
We can deduce the following proposition that is in the line of a result for sets in [22, Theorem 1.3(h)]. 
It suffices that the implication holds for a given λ > 0.
Rockafellar and Wets used in [27] the following property in Proposition 13.37 without detailing its proof. For completeness we give the detailed argument. It is not difficult to see that the proposition follows from that result established here through arguments similar to those in (f) of Proposition 8.46 of Rockafellar and Wets [27] .
Lemma 4.3. Suppose that the function f is locally lower semicontinuous atx ∈ dom f , minorized by a quadratic function and prox-regular atx forv ∈ ∂f (x). Then there exist
Proof. Assume that f is minorized by a quadratic function and prox-regular atx forv ∈ ∂f (x). Then there exist by Lemma 4.1 some
where u := x + λv. Hence P λ f (x + λv) = x. Conversely, if for some given λ > 0 we have P λ f (x + λv) = x for any (x, v) ∈ gph T ε 0 , then f is minorized by a quadratic function (e λ f (x + λv) > −∞) and the property above equivalent to (4.1) holds by definition of P λ f . Therefore f is prox-regular atx forv. 2
The next proposition reveals properties of P λ f over all a neighborhood ofx + λv for f prox-regular atx forv. 
We come back to the proof of the proposition. Fix r 0 > 32r/3, take λ ∈ ]0; 1/r 0 [ and choose ε < min(ε 0 , λε 0 , 1). Then (3.1) in Lemma 3.2 holds with λ = 1/r. It is possible to take δ, ρ small enough that ε (ρ,λ,δ) ε . Then for α := min(δ, ε /4), whenever u < α, the combination of (3.1) and (4.3) provides
and for any y ∈ P λ f (u) = P λ,ε f (u) one has y < 3ε /4. Invoking now Remark 3.5 yields P λ f = (I + λT ε 0 ) −1 on B(0; α). 2
Regularity of Moreau envelopes under prox-regularity
For f prox-regular, Poliquin and Rockafellar established in [21] the local Lipschitz continuity property of P λ f. Their arguments are still valid in our framework. They also proved the C 1,+ regularity property of e λ f along with the expression of ∇e λ f in terms of a localization of ∂f. Actually we prove below that the two mentioned properties for P λf and e λ f are equivalent. This generalizes the similar equivalence property in [22, When these properties hold, ∇e λ f = λ −1 (I − P λ f ) on U .
Proof. Suppose that (a) holds. Then from Borwein and Giles [2, Theorem 11(i)], P λ f (u) = ∅ for any u ∈ U and from Correa et al. [7, Lemma 3.6] , if y(u) ∈ P λ f (u) then ∂ F e λ f (u) ⊂ {λ −1 (u − y(u))} and hence P λ f (u) = u − λ∇e λ f (u) for any u ∈ U . That equality entails the nonempty single-valuedness as well as the continuity of P λ f over U .
Suppose now (b). As above we know that ∂ F e λ f (u) ⊂ {λ −1 (u − P λ f (u))} for any u ∈ U . Let u ∈ U and v ∈ ∂e λ f (u). There exist v n w → v, u n → u with v n ∈ ∂ F e λ f (u n ). For n large enough, u n ∈ U so that v n = λ −1 (u n − x n ), where x n := P λ f (u n ). By continuity of P λ f , we have x n → x := P λ f (u). Because x n = u n − λv n w → u − λv, we also have x = P λ f (u) = u − λv, and hence ∂e λ f (u) ⊂ λ −1 u − P λ f (u) for any u ∈ U. (5.1)
As e λ f is locally Lipschitz continuous (see [1] ), we have for any u ∈ U that ∂e λ f (u) = ∅ and hence a singleton according to (5.1). The latter also holds for the Clarke subdifferential and this entails (see [3] ) that e λ f is Gâteaux-differentiable on U with ∇ G e λ f (u) = λ −1 (u − P λ f (u)) for all u ∈ U. The continuity of P λ f on U then finally ensures that e λ f is C 1 on U . 2
As a consequence, it is interesting to note the following characterization of proper lower semicontinuous convex functions through their proximal mappings. Proof. It is well known that whenever f is proper, lower semicontinuous, and convex, the proximal mappings P λ f are 1-Lipschitz continuous. Conversely, suppose that (b) holds. Then through Proposition 5.1, e λ f is C 1 with ∇e λ f = λ −1 (I − P λ f ), and for any x 1 , x 2 ∈ X,
